Fluctuation-dissipation theorem and harmonic oscillators by Branchina, Vincenzo et al.
ar
X
iv
:0
90
5.
42
54
v1
  [
co
nd
-m
at.
sta
t-m
ec
h]
  2
6 M
ay
 20
09
Flutuation-dissipation theorem and harmoni osillators
Vinenzo Branhina
1
Department of Physis, University of Catania and
INFN, Sezione di Catania, Via Santa Soa 64, I-95123, Catania, Italy
Maro Di Liberto
2
Suola Superiore di Catania, Via S. Nullo 5/i, Catania, Italy
Ivano Lodato
3
Suola Superiore di Catania, Via S. Nullo 5/i, Catania, Italy and
INFN, Sezione di Catania, Via Santa Soa 64, I-95123, Catania, Italy
Abstrat
The question of the physial meaning and origin of the Bose-Einstein (BE) fator
in the utuation-dissipation theorem (FDT) is often raised and this term is sometimes
interpreted as originating from a real harmoni osillator omposition of the physial
system. Suh an interpretation, however, is not really founded. Inspired by the famous
work of Caldeira and Leggett, we have been able to show that, whenever linear response
theory is appliable, whih is the main hypothesis under whih the FDT is established,
any generi bosoni and/or fermioni system at temperature T an be mapped onto a
titious system of harmoni osillators so that the susettivity and the mean square of
the utuating observable of the real system oinide with the orresponding quantities
of the titious one. We laim that it is in this sense, and only in this sense, that the BE
fator an be interpreted in terms of harmoni osillators, no other physial meaning an
be superimposed to it. At the best of our knowledge, this is the rst time that suh a
mapping is expliitly worked out.
The utuation-dissipation theorem (FDT) [1℄ is very general and applies to a broad
variety of dierent physial phenomena. An often raised question onerns the physial
meaning and/or origin of the Bose-Einstein (BE) distribution fator whih appears in the
relation between the power spetrum of the utuating quantity and the orresponding
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generalized susettivity. Sometimes this term is interpreted as due to an harmoni osil-
lator omposition of the onsidered physial system. Suh an interpretation, however, is
not supported by the derivation of the theorem itself. Moreover, the FDT applies to any
generi bosoni and/or fermioni system.
Far from being an aademi question, this issue is of very pratial importane in
many dierent ontexts ranging from solid state physis to astrophysis and osmology.
Atually, from a real understanding of the origin of this term often depends the orret
physial interpretation of theoretial and experimental results (see below). In this letter
we solve this important interpretation issue.
To this end, inspired by seminal papers of Caldeira and Leggett [2, 3℄, in the following
we shall be able to establish a new very general result (a mapping between any generi
system at temperature T and a titious system of harmoni osillators), whose interest
goes beyond the spei appliation to the FDT investigated in the present work.
Given a generi bosoni or fermioni system whih interats with an external eld f(t)
through the interation term Vˆ = −f(t) Aˆ, where Aˆ is an observable (a bosoni operator)
of the system, the utuation-dissipation theorem states that, whenever linear response
theory is appliable, the mean square of the Fourier transform Aˆ(ω) of Aˆ(t) is related to the
imaginary part χ′′
A
(ω) of the orresponding (Fourier transformed) generalized susettivity
by the relation [1℄ :
〈Aˆ2(ω)〉 = ~χ ′′
A
(ω) coth
(
β~ω
2
)
= 2 ~χ
′′
A
(ω)
(
1
2
+
1
eβ~ω − 1
)
, (1)
where β = 1/kT , with T the temperature of the system and k the Boltzmann onstant.
Let us onsider, for instane, a resistively shunted Josephson juntion [4℄ and, more
speially, the power spetrum SI(ω) of the noise urrent (utuation) in the resistive
shunt (dissipation). When applied to this ase, the theorem takes the form (R is the
shunt resistane)[5℄:
SI(ω) =
4
R
(
~ω
2
+
~ω
eβ~ω − 1
)
. (2)
The power spetrum SI(ω) has been measured [4℄ and good agreement between the ex-
perimental results and Eq. (2) has been found. The speialized literature [4, 5, 6, 7℄ often
presents the
~ω
2
term in parenthesis as due to zero point energies and the experimental re-
sults [4℄ as a measurement of zero point energies. In fat, the term in parenthesis in Eq. (2)
oinides with the mean energy of an harmoni osillator of frequeny ω in a thermal bath.
The same holds true for the general ase of Eq. (1), where the term in parenthesis is the
mean energy of an harmoni osillator in ~ω units, i.e. the BE distribution funtion.
The question that we would like to answer is if it is physially founded to interpret this
BE term as oming from an harmoni osillator struture of the system. In partiular,
we would like to understand if the agreement between the experimental results [4℄ and
Eq. (2) an be onsidered as a signature of measurement of zero point energies.
We antiipate now the results of our analysis. On the one hand, we shall be able
to establish a mapping between the physial system and a titious system of harmoni
2
osillators in suh a manner that the mean square of Aˆ(ω) and the related (imaginary
part of the) generalized susettivity χ
′′
A
(ω) of the (real) system are preisely reprodued
by onsidering the orresponding quantities of the titious one. At the same time, our
analysis will larify that it is only in this sense that the BE fator an be interpreted in
terms of harmoni osillators. Therefore, no physial osillator degrees of freedom of the
system are involved in Eq. (1) and no zero point energies have been measured in [4℄.
Let us begin by briey reviewing the derivation of the FDT. Consider a marosopi
system with unperturbed Hamiltonian Hˆ0 under the inuene of the perturbation
Vˆ = −f(t) Aˆ(t) , (3)
where Aˆ(t) is an observable (a bosoni operator) of the system and f(t) an external gener-
alized fore
4
. Let |En〉 be the Hˆ0 eigenstates (with eigenvalues En) and 〈En|Aˆ(t)|En〉 = 0.
Within the framework of linear response theory, the quantum-statistial average 〈Aˆ(t)〉f
of the observable Aˆ(t) in the presene of Vˆ is given by
〈Aˆ(t)〉f =
∫ t
−∞
dt′χ
A
(t− t′)f(t′) (4)
where χ
A
(t− t′) is the generalized susettivity,
χ
A
(t− t′) = i
~
θ(t− t′)〈[Aˆ(t), Aˆ(t′)]〉 = −1
~
GR(t− t′) , (5)
with 〈...〉 = ∑n ̺n〈En|...|En〉, ̺n = e−βEn/Z , Z = ∑n e−βEn , GR(t − t′) being the
retarded Green's funtion and Aˆ(t) = eiHˆ0t/~Aˆe−iHˆ0t/~.
Dening the orrelators (from now on t
′
= 0):
G>(t) = 〈Aˆ(t) Aˆ(0)〉 and G<(t) = 〈Aˆ(0) Aˆ(t)〉 , (6)
so that GR(t) = −iθ(t)(G>(t)−G<(t)), and the orresponding Fourier transforms, G>(ω)
and G<(ω) respetively, it is a matter of few lines to show that:
G>(ω) = − 2
1 − e−β~ω ImGR(ω) ; G<(ω) = e
−β~ω G>(ω) . (7)
Finally, by noting that
〈Aˆ2(ω)〉 = 1
2
(G>(ω) +G<(ω)) (8)
and that the Fourier transform of χ
A
(t) is χ
A
(ω) = χ
′
A
(ω) + iχ
′′
A
(ω) = − 1
~
GR(ω) we get:
〈Aˆ2(ω)〉 = ~χ ′′
A
(ω)
1 + e−β~ω
1− e−β~ω = ~χ
′′
A
(ω) coth
(
β~ω
2
)
= 2 ~χ
′′
A
(ω)
(
1
2
+
1
eβ~ω − 1
)
(9)
4
More generally, we ould onsider a loal observable and a loal generalized fore, in whih ase
we would have Vˆ = − ∫ d3 ~rAˆ(~r)f(~r, t), and suessively dene a loal susettivity χ(~r, t; ~r′, t′) (see
Eq. (5) below). As this would add nothing to our argument, we shall restrit ourselves to ~r-independent
quantities. The extension to inlude loal operators is immediate.
3
whih is Eq. (1), the elebrated FDT.
As observed by Kubo et al. [8℄ (and shown in the derivation skethed above), the BE
fator is simply due to a peuliar ombination of Boltzmann fators in Eq. (9) and there
is no referene to physial harmoni osillators of the system whatsoever. Despite suh an
authoritative remark, some people insist in interpreting the
(
1
2
+ 1
eβ~ω−1
)
term as related
to an harmoni osillator struture of the physial system
5
.
To begin with our analysis, it is useful to show that from Eqs. (5) and (8) we an easily
derive the following expressions for χ
′′
A
(ω) and 〈Aˆ2(ω)〉 :
χ′′
A
(ω) =
π
~
∑
i,j
̺i|Aij |2
[
δ
(
Ei − Ej
~
+ ω
)
− δ
(
Ej − Ei
~
+ ω
)]
, (10)
and
〈Aˆ2(ω)〉 = π
∑
i,j
̺i|Aij |2
[
δ
(
Ei − Ej
~
+ ω
)
+ δ
(
Ej − Ei
~
+ ω
)]
, (11)
where Aij = 〈Ei|Aˆ|Ej〉 .
In fat, by inserting in Eq. (5) the expressions:
θ(t− t′) = − ∫ +∞
−∞
dω
2pii
e−iω(t−t
′)
ω+iη
, I =
∑
i |Ei〉〈Ei| and Aˆ(t) = eiHˆ0t/~Aˆe−iHˆ0t/~ we get:
χ
A
(t− t′) = −1
~
∫
dω
2π
e−iω(t−t
′)
ω + iη
∑
i,j
̺i|Aij |2
(
ei(Ei−Ej)(t−t
′)/~ − e−i(Ei−Ej)(t−t′)/~
)
(12)
Then, by dening the Bohr frequenies ωij = (Ei −Ej)/~ and making use of the relation
limη→0
1
ω+iη
= P ( 1
ω
)− iπδ(ω) we have for χ′′
A
(t− t′):
χ
′′
A
(t− t′) = π
~
∫
dω
2π
∑
i,j
̺i|Aij |2
(
e−i(ω−ωij)(t−t
′)δ(ω)− e−i(ω+ωij)(t−t′)δ(ω)
)
=
π
~
∫
dω
2π
e−iω(t−t
′)
∑
i,j
̺i|Aij|2 (δ(ω + ωij)− δ(ω + ωji)) (13)
whih immediately gives Eq. (10).
As for Eq. (11), by inserting the identity in Eq. (6) for G>(t) we nd:
G>(t) = 〈Aˆ(t)Aˆ(0)〉 =
∑
i,j
ρi〈Ei|e i~ HˆtAˆe− i~ Hˆt|Ej〉〈Ej|Aˆ|Ei〉 =
=
∑
i,j
ρie
− i
~
(Ej−Ei)t|Aij|2 . (14)
5
In the ase of the measured [4℄ power spetrum of Eq. (2), some authors [9, 10℄ interpret this term as
due to the eletromagneti eld in the resistive shunt and therefore the rst term in parenthesis of Eq. (2)
as originating from zero point energies of this eletromagneti eld.
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Working out the similar expression for G<(t), for the orrelation funtion G(t) we nally
have:
G(t) =
1
2
(G>(t) +G<(t)) =
1
2
∑
i,j
ρi|Aij|2(e− i~ (Ej−Ei)t + e− i~ (Ei−Ej)t) , (15)
and taking the Fourier transform:
G˜(ω) = π
∑
i,j
ρi|Aij|2
[
δ
(
Ej − Ei
~
+ ω
)
+ δ
(
Ei −Ej
~
+ ω
)]
. (16)
As
G(t) =
∫ +∞
−∞
G˜(ω)e−iωt
dω
2π
(17)
and 〈Aˆ2〉 = G(0), G˜(ω) is nothing but the spetral density 〈Aˆ2(ω)〉 of 〈Aˆ2〉 :
〈Aˆ2〉 =
∫ +∞
−∞
〈Aˆ2(ω)〉dω
2π
. (18)
From Eqs. (16), (17) and (18), we immediately get Eq. (11).
For our purposes, it is useful to write Eq. (11) in a dierent manner. It is not diult to
show that we an atually write Eq. (11) as
6
:
〈Aˆ2(ω)〉 = π
∑
i,j
̺i|Aij|2 coth
(
β~ωji
2
)
[δ (ωij + ω) + δ (ωji + ω)]
= π coth
(
β~ω
2
)∑
i,j
̺i|Aij |2 [δ (ωij + ω)− δ (ωji + ω)] . (19)
After few additional steps we nally have:
〈Aˆ2(ω)〉 = π
∑
j>i
(̺i − ̺j)|Aij|2 coth
(
β~ωji
2
)
[δ (ω − ωji) + δ (ω + ωji)] (20)
= π coth
(
β~ω
2
)∑
j>i
(̺i − ̺j)|Aij|2 [δ (ω − ωji)− δ (ω + ωji)] . (21)
Similarly, it is easy to see that Eq. (10) an be written as:
χ′′(ω) =
π
~
∑
j>i
(̺i − ̺j)|Aij |2 [δ (ω − ωji)− δ (ω + ωji)] . (22)
Starting from Eqs. (20) and (22) and taking inspiration from previous work of Caldeira
and Leggett [3℄, we shall be able to establish a formal mapping between the real system
6
Obviously, omparing Eq. (19) with Eq. (10), we nd, as we should, the FDT theorem, but this is not
our goal.
5
onsidered so far and a system of titious harmoni osillators. A similar mapping,
restrited however to the T = 0 temperature ase, was onsidered in [3℄, where it was also
noted that the T 6= 0 ase needs separate disussion. The mapping that we are going
onstrut in the present work atually deals with the T 6= 0 general ase. At the best of
our knowledge, this is the rst time that suh a mapping is expliitly worked out.
To prepare the basis for the onstrution of this mapping, let us onsider rst a real
system Sosc of harmoni osillators (eah of whih is labeled below by the double index
{ji} for reasons that will beome lear in the following) whose free Hamiltonian is:
Hˆosc =
∑
j>i
(
pˆ 2ji
2Mji
+
Mjiω
2
ji
2
qˆ 2ji
)
, (23)
where ωji are the proper frequenies of the individual harmoni osillators and Mji their
masses. Let |nji〉 (nji = 0, 1, 2, ...) be the oupation number states of the {ji} osillator
out of whih the Fok spae of Sosc is built up. Let us onsider also Sosc in interation
with an external system through the one-partile operator:
Vˆosc = −f(t)Aˆosc , (24)
with
Aˆosc =
∑
j>i
(αji qˆji) . (25)
Obviously, the FDT applied to Sosc gives:
〈Aˆ2osc(ω)〉 = ~χ
′′
osc(ω) coth
(
β~ω
2
)
, (26)
but this is not what matters to us.
What is important for our purposes is that, dierently from any other generi system,
for Sosc we an exatly ompute 〈Aˆ2osc(ω)〉 and χ ′′osc(ω) from Eqs. (10) and (11) beause
we an expliitly ompute the matrix elements of Aˆosc.
In fat, if we apply Eqs. (14), (15) and (16) to Sosc and replae the double index
notation introdued above (ωji ; nji ; Mji ; et.) with the more onvenient (for the time
being) and self explanatory one index notation (ω1, ω2, ... ; n1, n2, ... ; M1, M2, ... ;
et.), for 〈Aˆ2osc(ω)〉 we have:
〈Aˆ2osc(ω)〉 = π
∑
n1,n2,..
∑
m1,m2,..
(̺n1̺n2 · · · )|〈n1, n2, ..|Aˆosc|m1, m2, ..〉|2
× [δ (ω + l1ω1 + l2ω2 + · · · ) + δ (ω − l1ω1 − l2ω2 − · · · )] (27)
where lk = nk −mk, ̺nk = e−β(nk+1/2)~ωk/Zk, Zk =
∑
nk
e−β(nk+1/2)~ωk (note also that in
this one index notation Aˆosc is written as Aˆosc =
∑
k (αk qˆk) ). Now, as
〈nk|qˆk|mk〉 =
√
~
2Mkωk
(√
nk + 1〈nk + 1|mk〉+√nk〈nk − 1|mk〉
)
, (28)
6
we immediately get:
〈Aˆ2osc(ω)〉 = π
∑
n1,n2,..
∑
m1,m2,..
(̺n1̺n2 · · · )
×
[∑
k
αk
√
~
2Mkωk
(√
nk + 1δmk ,nk+1 +
√
nkδmk ,nk−1
)∏
h 6=k
δmh,nh
]2
× [δ (ω + l1ω1 + l2ω2 + · · · ) + δ (ω − l1ω1 − l2ω2 − · · · )] . (29)
Let us onentrate our attention to the square in the seond line of Eq. (29). Due
to the presene of the Kroneker deltas, all the rossed terms in this square, i.e. all the
terms with dierent values of the index k, vanish. In other words, the square of the sum
is equal to the sum of the squares:[∑
k
αk
√
~
2Mkωk
(√
nk + 1δmk,nk+1 +
√
nkδmk ,nk−1
)∏
h 6=k
δmh,nh
]2
=
∑
k
(
αk
√
~
2Mkωk
(√
nk + 1δmk ,nk+1 +
√
nkδmk ,nk−1
)∏
h 6=k
δmh,nh
)2
(30)
For the same reason, the same holds true for eah value of the index k, i.e.:(
αk
√
~
2Mkωk
(√
nk + 1δmk ,nk+1 +
√
nkδmk,nk−1
)∏
h 6=k
δmh,nh
)2
= α2k
~
2Mkωk
((nk + 1) δmk,nk+1 + nk δmk ,nk−1)
∏
h 6=k
δmh,nh . (31)
Therefore, as lk = nk −mk, for 〈Aˆ2osc(ω)〉 we get:
〈Aˆ2osc(ω)〉 = π
∑
n1,n2,..
(̺n1̺n2 · · · )
∑
k
α2k
~
2Mkωk
(2nk + 1) (δ(ω − ωk) + δ(ω + ωk)) (32)
Finally, as
∑
nk
̺nk = 1, the above expression beomes:
〈Aˆ2osc(ω)〉 = π
∑
k
α2k
~
2Mkωk
(δ(ω − ωk) + δ(ω + ωk))
∑
nk
̺nk (2nk + 1) (33)
= π
∑
k
α2k
~
2Mkωk
coth
(
β~ωk
2
)
(δ(ω − ωk) + δ(ω + ωk)) . (34)
Going bak to the original double index notation, the above equation is written as:
〈Aˆ2osc(ω)〉 = π
∑
j>i
α2ji
~
2Mjiωji
coth
(
β~ωji
2
)
(δ(ω − ωji) + δ(ω + ωji)) (35)
= π coth
(
β~ω
2
)∑
j>i
α2ji
~
2Mjiωji
(δ(ω − ωji)− δ(ω + ωji)) . (36)
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We have just seen that given a real system Sosc of harmoni osillators and the one
partile operator Aˆosc of Eq. (25), for suh an operator is possible to evaluate expliitly
〈Aˆ2osc(ω)〉. We nd that eah of the individual harmoni osillators gives rise to a term
coth
(
β~ωji
2
)
whih in turn omes from the term
∑
nji
̺nji (2nji + 1) of Eq. (33).
Let us now onsider χ
′′
osc(ω), whih (see Eqs. (10) and (29)) is nothing but:
χ
′′
osc(ω) =
π
~
∑
n1,n2,..
∑
m1,m2,..
(̺n1̺n2 · · · )
×
[∑
k
αk
√
~
2Mkωk
(√
nk + 1δmk,nk+1 +
√
nkδmk ,nk−1
)∏
h 6=k
δmh,nh
]2
× [δ (ω + l1ω1 + l2ω2 + · · · )− δ (ω − l1ω1 − l2ω2 − · · · )] . (37)
Apart from the fator 1/~, Eq. (37) diers from Eq. (29) beause it ontains the dierene
(rather than the sum) of delta funtions in the last line.
If we proeed for χ
′′
osc(ω) as we have just done for 〈Aˆ2osc(ω)〉, we immediately note that
the only dierene with the previous omputation is due to this minus sign. In fat, its
presene auses that rather than the ombination (2nk+1) of Eq. (32), whih omes from
the sum (nk + 1) + nk of Eq. (31), we get the ombination (nk + 1)− nk = 1. Therefore,
for χ
′′
osc(ω) we do not get the sum
∑
nk
̺nk (2nk+1) = coth
(
β~ωk
2
)
of Eq. (33), but rather∑
nk
̺nk = 1. Then:
χ
′′
osc(ω) =
π
~
∑
j>i
α2ji
~
2Mjiωji
(δ(ω − ωji)− δ(ω + ωji)) . (38)
Naturally, omparing Eq. (36) with Eq. (38) we see that for Sosc the FDT holds true, as
it should. However, what is important for our purposes is to note that for this system we
have been able to ompute separately 〈Aˆ2osc(ω)〉 and χ′′osc(ω) and found that the coth
(
β~ω
2
)
fator of the FDT originates from the individual ontributions coth
(
β~ωji
2
)
of eah of the
harmoni osillators of Sosc.
We are now in the position to build up our mapping. Let us onsider the original
system S, desribed by the unperturbed Hamiltonian Hˆ0 , in interation with an external
eld f(t) through the interation term Vˆ = −f(t) Aˆ (see Eq. (3)), and onstrut a titious
system of harmoni osillators Sosc, desribed by the free Hamiltonian Hˆosc of Eq. (23), in
interation with the same external eld f(t) through the interation term Vˆosc of Eq. (24),
with Aˆosc given by Eq. (25), where for αji we hoose:
αji =
(
2Mjiωji
~
) 1
2
(̺i − ̺j) 12 |Aij| (39)
and for the proper frequenies ωji of the osillators:
ωji = (Ej −Ei)/~ > 0 , (40)
8
with Ei the eigenvalues of the Hamiltonian Hˆ0 of the real system.
Comparing Eq. (38) with Eq. (22) and Eq. (36) with Eq. (21), it is immediate to see
that with the above hoies of αji and ωji we have:
〈Aˆ2(ω)〉 = 〈Aˆ2osc(ω)〉 (41)
χ
′′
A
(ω) = χ
′′
osc(ω) . (42)
Eqs. (39) and (40) are the entral results of our analysis. These are the equations that
allow to establish the desired mapping. Atually, with suh a hoie of the α's and the
ω's, we have been able to derive Eqs. (41) and (42). What we have just found is that it is
possible to map the real system S onto a titious system of harmoni osillators Sosc ,
S → Sosc , (43)
in suh a manner that χ
′′
A
(ω) and 〈Aˆ2(ω)〉 of the real system, i.e. the imaginary part of
the (Fourier transformed) generalized susettivity and the mean square of the (Fourier
transformed) interation operator Aˆ(t), are equivalently obtained by omputing the or-
responding quantities of the titious one.
It is worth to point out that the key ingredient to onstrut suh a mapping is the
hypothesis that linear response theory is appliable, whih is the main hypothesis under
whih the FDT is established. When linear response theory is not valid, Eq.(4) annot
be derived. As a onsequene, we do not arrive to Eqs. (10) and (11) whih are ruial to
build up our mapping.
Moreover, by onsidering the equivalent harmoni osillators system Sosc rather than
the real one, we are somehow allowed to regard the BE distribution fator coth
(
β~ω
2
)
of
the FDT in Eq. (1) as originating from the individual ontributions coth
(
β~ωji
2
)
of eah
of the osillators of the titious system (see above, Eqs. (35), (36) and (38)). In this
sense, suh a mapping allows for an osillator interpretation of the BE term in the FDT.
At the same time, however, our result shows that this BE fator does not desribe
the physis of the system, i.e. it does not enode any real, physial, harmoni osillator
struture of the system (see also the onsiderations below). In this respet, we have to
stress that what we have implemented is not a anonial transformation, i.e. it is not a
transformation whih allows to desribe the system in terms of new degrees of freedom
(suh as normal modes), but just a formal mapping, a mathematial onstrut, whih an
be established, we repeat ourselves, only within the framework of linear response theory.
In our opinion, our nding provides a denite answer to the often raised questions
of the physial meaning or physial origin of the BE term in the FDT or, stated
dierently, to the question of whether this BE distribution fator possibly desribes the
physial nature of the system or not [11℄.
In fat, from the derivation of the FDT, we know that the BE fator derives from
a peuliar ombination of Boltzmann fators (see [8℄ and Eq. (9) above). At the same
time, we have shown that, regardless the bosoni or fermioni nature of the (real) system
S, it is always possible to establish a mapping whih relates S to a system of harmoni
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osillators Sosc so that this BE fator an be regarded as originating from the individual
osillators of the equivalent system Sosc. Therefore, it is not the physial nature of the
system whih is enoded in this BE term but rather a fundamental quantum property of
any bosoni and/or fermioni system: whenever linear response theory is appliable, any
generi system is, at least with respet to the FDT, equivalent (in the sense dened above)
to a system of quantum harmoni osillators.
Let us summarize now our results. We have found that, when linear response theory
is valid, for any generi bosoni and/or fermioni physial system S whose interation
with an external eld f(t) is given by a term of the kind Vˆ = −f(t)Aˆ, where Aˆ is an
observable of the system, it is always possible to nd an equivalent system of harmoni
osillators suh that χ
′′
A
(ω) and 〈Aˆ2(ω)〉 of the real system an be obtained by omput-
ing the orresponding quantities of the titious one. The operator that represents the
physial observable Aˆ is suh a mapping is the one-partile operator Aˆosc of Eq. (25) with
the αji and the ωji given by Eqs. (39) and (40). In passing (i.e. in order to establish suh
a result), we have shown that for any system of harmoni osillators interating with an
external eld through an interation term of the kind given in Eqs. (24) and (25), the
BE coth
(
β~ω
2
)
fator originates from the ontribution of eah of the individual harmoni
osillators of the system. As the physial operator Aˆ in the mapping is represented by the
operator Aˆosc of Eq. (25), we onluded that the BE distribution fator whih appears in
the FDT Eq. (1) an be regraded as originating from the individual harmoni osillators
of the equivalent system. Our results learly indiate that it is only in this sense that this
BE fator an be interpreted in terms of harmoni osillators and that no other physial
meaning an be superimposed to it.
We believe that our mapping has a broader range of appliability than the worked
ase of the FDT disussed in this letter. Work is in progress in this diretion.
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